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DEFORMATION QUANTIZATION WITH SEPARATION
OF VARIABLES ON A SUPER-KA¨HLER MANIFOLD
ALEXANDER KARABEGOV
Abstract. We construct deformation quantizations with separa-
tion of variables on a split super-Ka¨hler manifold and describe their
canonical supertrace densities.
1. Introduction
Deformation quantization of Poisson manifolds via star products was
introduced in [1]. The existence of star products on arbitrary Poisson
manifolds and their classification up to equivalence was given by Kont-
sevich in [15]. Fedosov gave in [8] a geometric construction of star prod-
ucts in each equivalence class on an arbitrary symplectic manifold. De-
formation quantizations with separation of variables on pseudo-Ka¨hler
manifolds related to Berezin’s quantization were introduced and classi-
fied in [11], [5], and [17]. There are many papers on geometric, symbol,
and deformation quantization on supermanifolds (see [4], [3], [18], [7],
[6]). In this paper we describe a class of star products with separation
of variables on a split complex supermanifold ΠE, where E is a holo-
morphic vector bundle on a pseudo-Ka¨hler manifold M . Below we give
a number of definitions which will be used throughout this paper.
Let A be a supercommutative unital Z2-graded associative algebra
with the identity 1. Given an element f ∈ A, we denote the operator
of left multiplication by f by the same symbol. An operator A on A
is a (left) differential operator if there exists a nonnegative integer n
such that for any elements f0, . . . fn ∈ A, one has
[fn, [fn−1, . . . [f0, A] . . .]] = 0,
where Z2-graded commutators are used. The smallest n with this prop-
erty is called the order of A. This algebraic definition gives the ordinary
differential operators on the algebra of smooth functions on a manifold.
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Denote by A[ν−1, ν]] the space of formal Laurent series with a finite
principal part with coefficients from A,
f = νrfr + ν
r+1fr+1 + . . . ,
where r ∈ Z and fk ∈ A for k ≥ r. A formal differential operator on
A[ν−1, ν]] is a formal series
(1) A = νrAr + ν
r+1Ar+1 + . . . ,
where r ∈ Z and Ak is a differential operator on A for k ≥ r. A formal
differential operator (1) is called natural if r = 0 and the order of Ak is
not greater than k. For a natural A, A0 is a left multiplication operator
by an element of A.
Let ∗ be a ν-linear ν-adically continuous Z2-graded associative prod-
uct on A[ν−1, ν]] with the identity 1, given by the formula
(2) f ∗ g =
∞∑
r=s
νrCr(f, g),
where s is a fixed nonpositive integer and the mapping Cr : A×A → A
is extended to A[ν−1, ν]] by ν-linearity.
Let Lf be the left ∗-multiplication operator by f on A[ν−1, ν]], so
that Lfg = f ∗ g. We denote by Rf the graded right ∗-multiplication
operator by f defined for homogeneous f, g as follows,
Rfg = (−1)|f ||g|g ∗ f.
Then
Lfg −Rfg = [f, g]∗,
where [·, ·]∗ is the supercommutator on the algebra (A[ν−1, ν]], ∗). The
operators Lf and Rg supercommute for any f, g ∈ A[ν−1, ν]].
A product ∗ is called differential if the operators Lf , Rf are (left)
formal differential operators for any f ∈ A. A differential product
(2) on A[ν−1, ν]] is a star product if it is a formal deformation of the
supercommutative product on A, i.e., if s = 0 and C0(f, g) = fg. For
a star product ∗, the bidifferential operator
f, g 7→ C1(f, g)− (−1)|f ||g|C1(g, f)
is a Poisson bracket on A. It is a right derivation in f and a left
derivation in g, it is graded antisymmetric, and satisfies the graded
Jacobi identity.
Two star products ∗ and ∗′ on A[ν−1, ν]] are equivalent if there exists
a formal differential operator T = 1 + νT1 + ν
2T2 + . . . on A[ν−1, ν]]
such that
f ∗′ g = T−1(Tf ∗ Tg).
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A star product ∗ is called natural if the operators Lf and Rf are natural
for any f ∈ A[[ν]]. Equivalently, ∗ is natural if the operators Lf and
Rf are natural for any f ∈ A. The concept of a natural star product
was introduced in [10].
Acknowledgments. I want to express my gratitude to H. Khu-
daverdian and Th. Voronov for answering my numerous questions on
supermathematics.
2. Deformation quantization on Poisson manifolds
A star product ⋆ on a manifoldM is a formal differential deformation
of the commutative product on C∞(M). It induces a Poisson bracket
on M ,
{f, g} := −i(C1(f, g)− C1(g, f)).
A deformation quantization of a Poisson manifold (M, {·, ·}) is given
by a star product onM which induces the Poisson bracket {·, ·}. Kont-
sevich proved in [15] that the equivalence classes of star products on
a Poisson manifold M are parametrized by the formal deformations of
the Poisson structure.
A star product on a manifoldM can be restricted to any open subset
U ⊂ M . Hence, one can consider star products of locally defined
functions.
We say that a formal function f = νrfr + ν
r+1fr+1 + . . . on M has
compact support if each fk, k ≥ r, has compact support (but we do
not require that the supports of all fk are contained in a compact set).
We will call a star product on a manifold M nondegenerate if it
induces a nondegenerate Poisson structure on M . The nondegenerate
Poisson tensors (bivector fields) on a manifoldM bijectively correspond
to the symplectic forms onM . The equivalence classes of star products
on a symplectic manifold M equipped with a symplectic form ω−1 are
bijectively parametrized by the formal de Rham cohomology classes
from
ν−1[ω−1] +H
2(M)[[ν]].
For each star product ⋆ on a symplectic manifold (M,ω−1) of dimension
2m there exists a canonically normalized formal trace density
(3) µ⋆ =
1
m! νm
(ω−1)
m eκ,
where κ = νκ1+ν
2κ2+ . . . is a formal function globally defined on M .
The canonical normalization of (3) can be described intrinsically as
follows (see [12]). Let U be a contractible open subset of M . There
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exists a formal derivation
δ =
d
dν
+ A
of the star product ⋆ on U , where A = ν−1A−1 + A0 + νA1 + . . . is
a formal differential operator on U . The canonical trace density µ⋆ is
uniquely determined on U by the condition that
d
dν
∫
U
f µ⋆ =
∫
U
δ(f)µ⋆
for any f ∈ C∞(U)[ν−1, ν]] with compact support. If M is compact,
the index theorem for deformation quantization ([9], [16]) expresses the
total volume ∫
M
µ⋆
via a topological formula involving the cohomology class of the star
product.
Let M be a complex manifold. A star product ⋆ on M satisfying the
conditions
(4) a ⋆ f = af and f ⋆ b = fb
for any locally defined holomorphic function a and antiholomorphic
function b is called a star product with separation of variables (of
the anti-Wick type). Conditions (4) mean that La = a and Rb = b
are point-wise multiplication operators. Equivalently, the bidifferential
operators Cr differentiate their first argument in antiholomorphic di-
rections and their second argument in holomorphic ones. The Poisson
tensor corresponding to a star product with separation of variables ⋆
is of type (1,1) with respect to the complex structure. In local coordi-
nates the operator C1 and the Poisson bracket for the product ⋆ are of
the form
C1(f, g) = g
lk ∂f
∂z¯l
∂g
∂zk
and {f, g} = iglk
(
∂f
∂zk
∂g
∂z¯l
− ∂g
∂zk
∂f
∂z¯l
)
,
where glk is the corresponding Poisson tensor. Here, as well as in the
rest of the paper, we assume summation over repeated lower and upper
indices. If the Poisson tensor glk is nondegenerate, its inverse gkl is a
pseudo-Ka¨hler metric tensor.
It was proved in [11] that the star products with separation of vari-
ables on a pseudo-Ka¨hler manifold M with a pseudo-Ka¨hler form ω−1
are bijectively parametrized by the closed formal (1,1)-forms
(5) ω = ν−1ω−1 + ω0 + νω1 + . . .
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on M . The form ω parametrizing a star product with separation of
variables ⋆ is called its classifying form. The existence of star products
with separation of variables (of the Wick type) on arbitrary pseudo-
Ka¨hler manifolds was shown in [5] using a generalization of Fedosov’s
construction. It was proved in [17] that every star product with sep-
aration of variables on a pseudo-Ka¨hler manifold can be obtained via
Fedosov’s approach.
Given a formal form (5) on a pseudo-Ka¨hler manifold (M,ω−1), the
star product with separation of variables ⋆ with the classifying form ω
on M is completely characterized by the following property. Let U be
any contractible coordinate chart on M and Φr be a potential of the
form ωr on U for r ≥ −1, i.e., ωr = i∂∂¯Φr. Then
(6) L ∂Φ
∂zk
=
∂Φ
∂zk
+
∂
∂zk
,
where
Φ := ν−1Φ−1 + Φ0 + νΦ1 + . . .
is a formal potential of ω on U . The star product ⋆ is also characterized
by the property that
(7) R ∂Φ
∂z¯l
=
∂Φ
∂z¯l
+
∂
∂z¯l
.
Given a (possibly degenerate) star product with separation of vari-
ables ⋆ on a complex manifold M , we define a formal differential oper-
ator
I⋆ = 1 + νI1 + ν2I2 + . . .
on M as follows:
I⋆(ba) = b ⋆ a,
where a and b are local holomorphic and antiholomorphic functions,
respectively. The operator I⋆ is globally defined on M . It is called the
formal Berezin transform of the star product ⋆. A star product with
separation of variables is completely determined by its formal Berezin
transform. It was proved in [13] that the star product
f ⋆′ g := I−1⋆ (I⋆f ⋆ I⋆g)
is a star product with separation of variables of the Wick type (i.e., with
the roˆles of holomorphic and antiholomorphic coordinates swapped) on
the same Poisson manifold. Its opposite product
f ⋆˜g := I−1⋆ (I⋆g ⋆ I⋆f)
is a star product with separation of variables of the anti-Wick type on
M equipped with the opposite Poisson structure. We call ⋆˜ the star
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product dual to ⋆. Its formal Berezin transform is I⋆˜ = I−1⋆ . The star
product ⋆ is dual to ⋆˜.
If ⋆ is a star product with separation of variables on a pseudo-Ka¨hler
manifold (M,ω−1) with a classifying form ω, one can construct a trace
density of the product ⋆ on a contractible coordinate chart U ⊂ M
as follows (see [12] and [14]). Let Φ be a formal potential of ω on U .
There exists a formal potential Ψ on U of the classifying form ω˜ of the
dual star product ⋆˜ satisfying the equations
∂Φ
∂zk
+ I⋆
(
∂Ψ
∂zk
)
= 0 and
∂Φ
∂z¯l
+ I⋆
(
∂Ψ
∂z¯l
)
= 0,
which determine Ψ up to an additive formal constant. Then
eΦ+Ψdzdz¯,
where dzdz¯ is a Lebesgue measure on U , is a trace density for the star
product ⋆ on U . One can canonically normalize it as follows. The form
ω−1 can be written on U as
ω−1 = i∂∂¯Φ−1 = igkldz
k ∧ dz¯l,
where the metric tensor
gkl =
∂2Φ−1
∂zk∂z¯l
is inverse to the Poisson tensor glk. Set g = det (gkl) and choose a
branch log g of the logarithm of g on U . There exists a unique potential
Ψ of the form ω˜ on U such that
Ψ = −ν−1Φ−1 + (−Φ0 + log g) + νΨ1 + . . . ,
which satisfies the equation
dΦ
dν
+ I⋆
(
dΨ
dν
)
=
m
ν
.
The function κ from (3) is given on U by the formula
κ = Φ +Ψ− log g = ν(Φ1 +Ψ1) + . . . .
In this paper we generalize some of the abovementioned constructions
including that of a canonical trace density to the case of a star product
with separation of variables on ΠE.
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3. A product on a split supermanifold
Let E be a holomorphic vector bundle of rank d on a complex man-
ifold M of complex dimension m. In this section we construct a dif-
ferential product on the formal functions on the split supermanifold
ΠE, which is not necessarily a deformation of the supercommutative
product on C∞(ΠE).
Let U ⊂ M be a coordinate chart with coordinates {zk, z¯l} such
that E is holomorphically trivial over U , E|U ∼= U ×Cd be a holomor-
phic trivialization of E, and {θα, θ¯β} be the odd fiber coordinates on
the corresponding trivialization ΠE|U ∼= U × C0|d. Denote by [d] the
ordered set of integers {1, 2, . . . , d}. We consider the ordered subsets
I = {α1, . . . , αk} ⊂ [d], where 1 ≤ α1 < . . . < αk ≤ d, as tensor indices,
and set |I| = k and
θI := θα1 . . . θαk .
A function on ΠE is a section of the bundle ∧E∗ of Grassmann algebras.
We denote by C∞(ΠE) := C∞(∧E∗) the space of functions on ΠE. The
restriction of a function f on ΠE to ΠE|U is identified with a sum
f = fIJθ
I θ¯J ,
where fIJ ∈ C∞(U) and summation over repeated tensor indices is
assumed. Suppose there is another holomorphic trivialization of E|U
with the holomorphic transition functions aαγ on U . We set b
α
γ := a
α
γ .
Let ηα, η¯β be the odd fiber coordinates on ΠE|U corresponding to the
second trivialization. Then
θα = aαγη
γ and θ¯β = bβδ η¯
δ.
The transition functions aαγ and b
β
δ induce holomorphic matrices a
I
K
and antiholomorphic matrices bJL such that
θI = aIKη
K and θ¯J = bJLη¯
L.
We have f = fIJθ
I θ¯J = f ′KLη
K η¯L, where f ′KL = fIJa
I
Kb
J
L.
We call functions a = aIθ
I and b = bJ θ¯
J on U × C0|d holomorphic
and antiholomorphic if aI and bJ are holomorphic and antiholomorphic
functions on U , respectively.
We will use arrows to indicate that multiplication operators by Grass-
mann variables and partial derivatives with respect to these variables
act from the left or from the right. By default, we assume that they
act from the left and omit the arrows. Given I = {α1, . . . , αk}, we set
∂
∂θI
:=
∂
∂θαk
. . .
∂
∂θα1
.
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We say that an operator A on C∞(U ×C0|d) is Grassmann if it is given
by a matrix AIJKL with constant entries and acts on f = fIJθ
I θ¯J as
follows,
Af = fIJA
IJ
KL θ
K θ¯L.
Holomorphic and antiholomorphic functions are well defined on ΠE|U ,
but Grassmann operators depend on the trivialization. We call an
operator A holomorphic if AIJKL = A
I
Kδ
J
L and graded antiholomorphic
if
AIJKL = (−1)|I|(|J |+|L|)AJLδIK .
Denote by δK and δ¯L the Grassman operators acting on f = fIJθ
I θ¯J
as follows,
δK : fIJθ
I θ¯J 7→ fKJ θ¯J , δ¯L : fIJθI θ¯J 7→ (−1)|I||L|fILθI .
We have
(8) δKf =
∂
∂θK
f
∣∣∣
θ=0
and δ¯Lf =
∂
∂θ¯L
f
∣∣∣
θ¯=0
.
We will use the bases {
θIδK
}
and
{
θI
∂
∂θK
}
in the algebra of holomorphic Grassmann operators and the bases{
θ¯J δ¯L
}
and
{
θ¯J
∂
∂θ¯L
}
in the algebra of graded antiholomorphic Grassmann operators.
In order to define a product on the formal functions on U ×C0|d, we
fix a possibly degenerate star product with separation of variables ⋆ on
U and an even element
(9) u = uPQθ
P θ¯Q ∈ C∞(U × C0|d)[ν−1ν]]
with u∅∅ = 1, so that u − 1 is nilpotent. We call the function u ad-
missible with respect to the star product ⋆ if the matrix (uPQ) has an
inverse over the algebra (C∞(U)[ν−1, ν]], ⋆), i.e., there exists a matrix
(vQP ) with the entries from C∞(U)[ν−1, ν]] such that
(10) uPQ ⋆ v
QK = δKP and v
LP ⋆ uPQ = δ
L
Q.
Given f ∈ C∞(U)[ν−1, ν]], we denote by L⋆f and R⋆f the operators of left
and right ⋆-multiplication by f , respectively. We extend these opera-
tors to the space C∞(U × C0|d)[ν−1, ν]] assuming that they commute
with multiplication by the Grassmann variables. Let M⋆(U) be the
2d × 2d-matrix algebra over the algebra (C∞(U)[ν−1, ν]], ⋆) with the
matrix entries indexed by the tensor indices I ⊂ [d]. We consider the
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following homomorphism from M⋆(U) to the algebra of operators on
C∞(U × C0|d)[ν−1, ν]],
(11) M⋆(U) ∋ (f IK) 7→ u−1
(
L⋆
fIK
θKδI
)
u,
where, by abuse of notations, we denoted by u the multiplication op-
erator by the element u and by u−1 its inverse. Applying the (target)
operator from (11) to the unit constant, we get a mapping fromM⋆(U)
to C∞(U × C0|d)[ν−1, ν]],
(12) (f IK) 7→
{
u−1
(
L⋆
fI
K
θKδI
)
u
}
1 = u−1(f IK ⋆ uIL)θ
K θ¯L.
The mapping (12) is a bijection if and only if the function u is admis-
sible with respect to the star product ⋆.
Now assume that the function u is admissible. Denote by ∗ the
product on C∞(U ×C0|d)[ν−1, ν]] transferred from the algebra M⋆(U)
via (12) and let Lf and Rf be the operators of left and graded right
∗-multiplication by a formal function f on U×C0|d, respectively. Then,
(13) Lf = u
−1
(
L⋆
fIK
θKδI
)
u for f = u−1(f IK ⋆ uIL)θ
K θ¯L.
It follows that
(14) f ∗ g = u−1((uf)KQ ⋆ vQP ⋆ (ug)PL)θK θ¯L,
where (uf)KL is the formal function on U such that uf = (uf)KLθ
K θ¯L.
Also, we have that
Rf = u
−1
(
R⋆
fJL
θ¯Lδ¯J
)
u(15)
for f = (−1)|K|(|J |+|L|)u−1(uKJ ⋆ fJL)θK θ¯L.
Given a star product with separation of variables ⋆ on an open set
U ⊂ Cm and an admissible function u on U × C0|d, we say that the
corresponding product ∗ on U ×C0|d is associated with the pair (⋆, u).
A differential product ∗ on a split supermanifold ΠE has the property
of separation of variables if for any locally defined holomorphic function
a = aIθ
I and antiholomorphic function b = bJ θ¯
J ,
a ∗ f = af and f ∗ b = fb.
It means that both La and Rb are left multiplication operators, La = a
and Rb = b. Clearly, Laf = a ∗ f = af . For homogeneous f and b we
have
Rbf = (−1)|f ||b|f ∗ b = (−1)|f ||b|fb = bf.
10 ALEXANDER KARABEGOV
Lemma 1. Given a possibly degenerate star product with separation of
variables ⋆ on an open set U ⊂ Cm and an admissible function u on
U × C0|d, the product ∗ on U × C0|d associated with the pair (⋆, u) has
the property of separation of variables.
Proof. It follows from (13) that the operator
u−1
(
L⋆aIθ
I
)
u = aIθ
I = a
is the operator of left ∗-multiplication by a which coincides with the
operator of left multiplication by a, La = a. Similarly, one can derive
from (15) that the graded right ∗-multiplication operator Rb is the left
multiplication operator by b, Rb = b. 
Lemma 2. Let ⋆ be a possibly degenerate star product with separation
of variables on an open set U ⊂ Cm and u be an admissible function
with respect to ⋆ on U×C0|d. If a and b are even nilpotent formal func-
tions on U ×C0|d such that a is holomorphic and b is antiholomorphic,
then the function
(16) u˜ = ea+bu
is also admissible with respect to ⋆. Moreover, the products on U×C0|d
associated with the pairs (⋆, u) and (⋆, u˜) coincide.
Proof. Given an even nilpotent formal antiholomorphic function b on
U × C0|d, the mapping (11) will not change if we replace the function
u with ebu. Hence, the function ebu is admissible and the products on
U × C0|d associated with the pairs (⋆, u) and (⋆, ebu) coincide. Let a
be an even nilpotent formal holomorphic function on U × C0|d. Then
Lea = e
a is the operator of multiplication by ea. Therefore, the algebra
of left ∗-multiplication operators is invariant under conjugation by the
multiplication operator by ea. If the function u is replaced with eau,
then the mapping (12) is also bijective. It follows that the function
eau is admissible and the products associated with the pairs (⋆, u) and
(⋆, eau) coincide. 
Since δI and δ¯J are (left) differential operators, it follows from (13)
and (15) that the product (14) is bidifferential. Since uKL, v
LK ∈
C∞(U)[ν−1, ν]], it can be written as (2). Then (2) is a star product if
s = 0 and C0(f, g) = fg.
Example. Let U = {pt} be a point (so that m = 0), d = 1, and
u = 1 + ν−nθθ¯. The corresponding product ∗ on C0|1 satisfies θ¯ ∗ θ =
θ¯θ + νn. It is a star product if n ≥ 1. If n = 0, then C0(θ¯, θ) = θ¯θ + 1.
Given a complex manifoldM , let ⋆ be a star product with separation
of variables on a coordinate chart U ⊂ M and E be a holomorphic
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vector bundle on M holomorphically trivializable over U . One can
define an admissible function u on ΠE|U and a product ∗ on ΠE|U
associated with (⋆, u) using the identification of ΠE|U with U × C0|d
via some holomorphic trivialization of E|U . We will show that the
product ∗ on ΠE|U does not depend on the trivialization.
Proposition 1. Given a possibly degenerate star product with separa-
tion of variables ⋆ on U ⊂ M and a function u ∈ C∞(ΠE|U)[ν−1, ν]]
which is admissible for some holomorphic trivialization of ΠE|U , then
u is admissible for any holomorphic trivialization of ΠE|U and the cor-
responding product ∗ does not depend on the trivialization.
Proof. Consider two holomorphic trivializations of ΠE|U with odd fiber
coordinates θk, θ¯l and ηk, η¯l, respectively, and assume that u is admissi-
ble for the former one. The holomorphic transition functions of E over
U induce invertible matrices with holomorphic entries aIK and matrices
with antiholomorphic entries bJL from C
∞(U) such that
(17) θI = aIKη
K and θ¯J = bJLη¯
L.
We will denote their inverse matrices by a˜IK and b˜
J
L, respectively. These
matrices are also their inverses over the algebra (C∞(U)[ν−1, ν]], ⋆),
(18) aIK a˜
K
P = a
I
K ⋆ a˜
K
P = δ
I
P , b
J
Lb˜
L
Q = b
J
L ⋆ b˜
L
Q = δ
J
Q.
A function f on ΠE|U can be written in coordinates as follows, f =
fIJθ
I θ¯J = f ′KLη
K η¯L, where fIJ and f
′
KL are functions on U . Then
(19) f ′KL = fIJa
I
Kb
J
L = a
I
K ⋆ fIJ ⋆ b
J
L.
It follows from (19) for f = u that the inverse matrix of u′KL over the
algebra (C∞(U)[ν−1, ν]], ⋆) is
(20) wLK := b˜LQ ⋆ v
QP ⋆ a˜KP .
Thus u is admissible for the second trivialization. Consider the product
f ◦ g := (fIQ ⋆ vQP ⋆ gPJ)θI θ¯J
equivalent to the product (14) via the mapping f 7→ uf . In order to
prove the proposition it suffices to prove that the product ◦ does not
depend on the trivialization. Set
hIJ := fIQ ⋆ v
QP ⋆ gPJ , so that f ◦ g = hIJθI θ¯J .
We have from (18), (19), and (20) that
f ′KQ ⋆ w
QP ⋆ g′PL = a
I
K ⋆ fIJ ⋆ b
J
S ⋆ b˜
S
Q ⋆ v
QP ⋆ a˜RP ⋆ a
I
R ⋆ gIJ ⋆ b
J
L =
aIK ⋆ fIQ ⋆ v
QP ⋆ gPJ ⋆ b
J
L = h
′
KL,
whence the proposition follows. 
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The following corollary is immediate.
Corollary 1. Given a possibly degenerate star product with separation
of variables ⋆ on M and a globally defined admissible function u ∈
C∞(ΠE)[ν−1, ν]], then the corresponding product ∗ is globally defined
on the functions on ΠE.
Let ⋆ be a star product with separation of variables on a pseudo-
Ka¨hler manifold M , E be a holomorphic vector bundle on M holomor-
phically trivializable over U ⊂ M , u ∈ C∞(ΠE|U)[ν−1, ν]] be admis-
sible with respect to ⋆, and ∗ be the product on C∞(ΠE|U)[ν−1, ν]]
associated with (⋆, u). In the rest of this section we define a canonical
supertrace functional σ on the algebra (C∞(ΠE|U)[ν−1, ν]], ∗).
Fix a holomorphic trivialization ΠE|U ∼= U × C0|d. We say that a
formal function
f = νrfr,IJθ
I θ¯J + νr+1fr+1,IJθ
I θ¯J + . . .
on ΠE|U has compact support if each coefficient fr,IJ ∈ C∞(U) has
compact support (but there may be no common comact support for all
fr,IJ). Clearly, this notion does not depend on the trivialization.
We define a Z2-grading on the algebra M⋆(U) by setting the parity
of a tensor index I to be equal to the parity of |I|. The corresponding
Z2-grading on the algebra (C
∞(U × C0|d)[ν−1, ν]], ∗) is the standard
one given by the parity of its elements.
The star product ⋆ has a canonical trace density µ⋆ and there exists
a supertrace on the elements of M⋆(U) with compact support defined
as follows,
Str(f IK) =
∑
I
∫
U
(−1)|I|f II µ⋆.
We define a supertrace σ on the algebra (C∞(ΠE|U)[ν−1, ν]], ∗) using
a trivialization of E|U . Given a formal function f on ΠE|U ∼= U ×C0|d
with compact support written as f = u−1(fSI ⋆uST )θ
I θ¯T for some matrix
(f IK) ∈M⋆(U), we set
σ(f) = Str(f IK).
Lemma 3. The functional σ does not depend on the trivialization.
Proof. Let the odd coordinates θk, θ¯l and ηk, η¯l and the matrices (aIK)
and (bJL) be as in the proof of Proposition 1 so that (17) holds. If f is
a formal function with compact support on ΠE|U , then
f = u−1(fSI ⋆ uST )θ
I θ¯T = u−1(f ′
P
K ⋆ u
′
PL)η
K η¯L
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for some matrices (f IK) and (f
′I
K), where uIJ and u
′
KL are connected
according to (19). Now,
(fSI ⋆ uST )a
I
Kb
T
L = f
′P
K ⋆ (uSTa
S
P b
T
L).
We have thus,
aIK ⋆ f
S
I ⋆ uST ⋆ b
T
L = f
′P
K ⋆ a
S
P ⋆ uST ⋆ b
T
L,
whence
aIK ⋆ f
S
I = f
′P
K ⋆ a
S
P .
The lemma follows from the fact that then Str(f IK) = Str(f
′I
K). 
We want to show that the supertrace σ for the product ∗ can be given
by a Berezin supertrace density. Berezin integral on C0|d is defined as
follows, ∫
fIJθ
I θ¯J dθdθ¯ = f[d][d].
Given I = {α1, . . . , αk} ⊂ [d], set I ′ := [d] \ I. Then we have
θIθI
′
= (−1)ε(I)θ[d], where ε(I) := α1 + . . . αk − k(k + 1)
2
.
Theorem 1. Let ⋆ be a nondegenerate star product with separation of
variables on an open subset U ⊂ Cm, u be an admissible function on
U × C0|d, and ∗ be the product associated with the pair (⋆, u). There
exists a unique canonical formal Berezin supertrace density
(21) µ = ρ dzdz¯dθdθ¯
for the product ∗, where ρ ∈ C∞(U × C0|d)[ν−1, ν]] and dzdz¯ is a
Lebesgue measure on U , such that the canonical supertrace functional
σ of the product ∗ is given by the Berezin integral
(22) σ(f) =
∫
f µ.
In (22) f is a formal function with compact support on U × C0|d.
Proof. We will be looking for a function τ = τIJθ
I θ¯J such that
u−1ρ dzdz¯ = τµ⋆.
14 ALEXANDER KARABEGOV
For f = u−1(fPK ⋆ uPQ)θ
K θ¯Q we have
σ(f) =
∫
(fPK ⋆ uPQ)θ
K θ¯Q (τIJθ
I θ¯J)µ⋆dθdθ¯ =∑
K,Q
∫
(fPK ⋆ uPQ)θ
K θ¯Q (τK ′Q′θ
K ′ θ¯Q
′
)µ⋆dθdθ¯ =
∑
K,Q
∫
(−1)λ(K,Q)(fPK ⋆ uPQ)τK ′Q′µ⋆,
where λ(K,Q) := |K ′||Q|+ ε(K)+ ε(Q). Now (22) is equivalent to the
equation
(23)
∑
I
∫
(−1)|I|f II µ⋆ =
∑
K,Q
∫
(−1)λ(K,Q)(fPK ⋆ uPQ)τK ′Q′µ⋆.
We will use the following identity proved in [12] (see also Proposition 8),∫
M
fg µ⋆ =
∫
M
f ⋆ I⋆g µ⋆,
where I⋆ is the formal Berezin transform of the star product ⋆ and f
or g has compact support. We have∑
K,Q
∫
(−1)λ(K,Q)(fPK ⋆ uPQ)τK ′Q′µ⋆ =
∑
K,Q
∫
(−1)λ(K,Q)fPK ⋆ uPQ ⋆ I⋆τK ′Q′µ⋆ =(24)
∑
K,Q
∫
(−1)λ(K,Q)fPK I−1⋆ (uPQ ⋆ I⋆τK ′Q′)µ⋆
Taking into account that I⋆1 = 1, we see from (23) and (24) that (22)
is equivalent to the equation∑
K,Q
(−1)|K|+λ(K,Q)uPQ ⋆ I⋆τK ′Q′ = δKP .
Therefore,
(−1)|K|+λ(K,Q)I⋆τK ′Q′ = vQK ,
whence we get that
(25) τKQ = (−1)|K ′|+λ(K ′,Q′)I−1⋆ vQ
′K ′.
The statement of the theorem follows. 
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4. A star product on U × C0|d
Given a possibly degenerate star product with separation of variables
⋆ on an open set U ⊂ Cm, we introduce a class of admissible functions
on U ×C0|d for which the associated product ∗ is a star product. First
we prove two technical statements.
Proposition 2. Let (aαγ), (bαβ), and (cβδ) be d×d-matrices with con-
stant coefficients and (bαβ) be nondegenerate. Consider the function
w = wIJθ
I θ¯J = eZ
on C0|d, where
Z =
1
2
aαγθ
αθγ + bαβθ
αθ¯β +
1
2
cβδθ¯
β θ¯δ.
Then the 2d × 2d-matrix (wIJ) is nondegenerate.
Proof. Let Γ be the space of holomorphic Grassmann operators on the
functions on C0|d of the form
A : fIJθ
I θ¯J 7→ AIKfIJθK θ¯J .
The mapping
Γ ∋ A 7→ Aw = AIKwIJθK θ¯J
is a linear isomorphism of Γ onto C∞(C0|d) if and only if the matrix
(wIJ) is nondegenerate. Denote by {ζα} odd holomorphic variables
dual to {θα}. For I = {α1, . . . , αk} we write ζI = ζαk . . . ζα1 . Let Π be
the space of functions
(26) p = p(θ, ζ) = pIKθ
KζI ,
where pIK are constants. To each function (26) we relate the differential
operator
pˆ := pIKθ
K ∂
∂θI
∈ Γ.
The mapping p 7→ pˆ is a linear isomorphism of Π onto Γ. Given a
function p(θ, ζ) ∈ Π, the operator
A = e
1
2
aαγθ
αθγ pˆ e−
1
2
aαγθ
αθγ
maps the function w to the function
Aw = e
1
2
aαγθ
αθγp(θ, bθ¯) exp
(
bαβθ
αθ¯β +
1
2
cβδθ¯
β θ¯δ
)
= p(θ, bθ¯)w.
In the notation p(θ, bθ¯) the substitution ζα = bαβ θ¯
β is implied. The
mapping A 7→ Aw is a linear isomorphism from Γ onto C∞(C0|d),
because the matrix (bαβ) is nondegenerate. It follows that the matrix
(wIJ) is nondegenerate. 
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Assume that the matrix (bαβ) from Proposition 2 is nondegenerate
and denote by (tJI) the inverse matrix of (wIJ).
Lemma 4. If the matrix (bαβ) is nondegenerate, then
t[d][d] = (−1) d(d−1)2 det b−1.
Proof. We have from (8),
θ¯L = tLKwKJ θ¯
J = tLKδKw =
{
eZtLK
(
e−Z
∂
∂θK
eZ
)
1
} ∣∣∣∣∣
θ=0
,
whence
tLK
{(
e−Z
∂
∂θK
eZ
)
1
} ∣∣∣∣∣
θ=0
= θ¯Le−
1
2
cβδθ¯
β θ¯δ .
For L = [d],
(27) t[d]K
{(
e−Z
∂
∂θK
eZ
)
1
} ∣∣∣∣∣
θ=0
= θ¯[d].
For K = {α1, . . . , αn},
(28)
(
e−Z
∂
∂θK
eZ
)
1 =
(
∂
∂θαn
+
∂Z
∂θαn
)
. . .
(
∂
∂θα1
+
∂Z
∂θα1
)
1.
Since Z is quadratic in the variables θ, θ¯, the component of (28) of
degree d in these variables is
(29)
∂Z
∂θd
. . .
∂Z
∂θ1
if n = d and zero otherwise. Formulas (27) and (29) imply that
t[d][d]
(
bdβd θ¯
βd . . . b1β1 θ¯
β1
)
= θ¯[d],
whence the lemma follows. 
We call an even nilpotent formal function Y = ν−1Y−1+Y0+νY1+. . .
on U × C0|d a nondegenerate nilpotent potential if the matrix
(30)
(−−→
∂
∂θα
Y−1
←−−
∂
∂θ¯β
)
is nondegenerate at every point of U . The component of Y−1 of degree
two in the variables θ, θ¯ can be written as
(31)
1
2
aαγθ
αθγ + bαβθ
αθ¯β +
1
2
cβδθ¯
β θ¯δ,
where aαγ , bαβ , cβδ ∈ C∞(U). The matrix (30) is nondegenerate if and
only if the matrix b = (bαβ) is nondegenerate.
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Theorem 2. Given an open set U ⊂ Cm and a nondegenerate nilpotent
potential Y on U×C0|d, the formal function eY = uPQθP θ¯Q on U×C0|d
is admissible for any (possibly degenerate) star product with separation
of variables ⋆ on U . The leading term of the entry v[d][d] of the matrix
(vQP ) inverse to (uPQ) over the algebra (C
∞(U)[ν−1, ν]], ⋆) is
(32) (−1) d(d−1)2 det (b−1) νd,
where b = (bαβ) is as in (31).
Proof. The function Y can be written as
Y (θ, θ¯) =
∞∑
r=−1
νr Yr,PQ θ
P θ¯Q,
where Yr,PQ ∈ C∞(U). Introduce formal odd variables
ηα :=
1√
ν
θα and η¯β :=
1√
ν
θ¯β
and define a function
Y˜ (η, η¯) := Y (
√
ν η,
√
ν η¯) =
∞∑
r=−1
∑
P,Q
νr+
1
2
(|P |+|Q|) Yr,PQ η
P η¯Q.
Since Y is even and nilpotent, Y˜ is a formal series in nonnegative
integer powers of ν, Y˜ = Y˜0 + νY˜1 + . . ., and it follows from (31) that
Y˜0 =
1
2
aαγη
αηγ + bαβη
αη¯β +
1
2
cβδη¯
β η¯δ.
Set
u˜PQ := ν
1
2
(|P |+|Q|)uPQ.
Then
eY˜ = u˜PQη
P η¯Q
and therefore
u˜PQ ∈ C∞(U)[[ν]].
Denote by wPQ the coefficient at the zeroth power of ν of u˜PQ, so that
eY˜0 = wPQη
P η¯Q.
Let ⋆ be any star product with separation of variables on U . The ma-
trix (uPQ) is invertible over the algebra (C
∞(U)[ν−1, ν]], ⋆) if and only
if the matrix (u˜PQ) is invertible over that algebra. The matrix (u˜PQ)
is invertible over the algebra (C∞(U)[[ν]], ⋆) if and only if the matrix
(wPQ) is nondegenerate at every point of U , which is the case according
to Proposition 2. Therefore, the matrix (uPQ) has an inverse, (v
QP ),
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over the algebra (C∞(U)[ν−1, ν]], ⋆). Denote by (v˜QP ) the inverse ma-
trix of (u˜PQ) over (C
∞(U)[[ν]], ⋆). Clearly,
vQP = ν
1
2
(|P |+|Q|)v˜QP .
It follows from Lemma 4 that the leading term of v[d][d] is (32), which
concludes the proof of the theorem. 
Corollary 2. Let ⋆ be a nondegenerate star product with separation of
variables on an open subset U ⊂ Cm, Y be a nondegenerate nilpotent
potential on U × C0|d, and ρ = ρIJθI θ¯J be the canonical supertrace
density function of the product ∗ associated with the pair (⋆, eY ) as
in (21). Then the leading term of the component ρ∅∅ of ρ of degree zero
with respect to the variables θ, θ¯ is
νd−mψ,
where ψ ∈ C∞(U) is nonvavishing on U .
Proof. The corollary follows from formulas (3) and (25). 
In [13] it was proved that a possibly degenerate star product with
separation of variables on a complex manifold is natural. Below we
give a more elementary proof of this fact.
Proposition 3. Any star product with separation of variables on a
complex manifold is natural.
Proof. Let ⋆ be a star product with separation of variables on a complex
manifold M and U ⊂ M be a holomorphic coordinate chart. Set
 L(U) := {Lf |f ∈ C∞(U)[[ν]]}. Given f, g ∈ C∞(U)[[ν]], we have that
ν−1(f ⋆ g − g ⋆ f) ∈ C∞(U)[[ν]].
Therefore, for A,B ∈  L(U) we have that ν−1[A,B] ∈  L(U). We will
prove by induction on n that for every A = A0 + νA1 + . . . ∈  L(U)
the order of Ar for r ≤ n is not greater than r. This statement is
true for n = 0, because A0 is a pointwise multiplication operator. The
operators from  L(U) do not contain antiholomorphic derivatives. Let a
be any holomorphic function on U . Then La = a ∈  L(U). In particular,
for every A = A0 + νA1 + . . . ∈  L(U) we have that
ν−1[A, a] =
∞∑
r=1
νr−1[Ar, a] ∈  L(U).
If we assume that the induction assumption holds for n − 1, then the
order of the operator [An, a] is not greater than n − 1 for every holo-
morphic function a. Therefore, the order of An is not greater than n,
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which concludes the proof that for any f ∈ C∞(M)[[ν]] the operator
Lf is natural. The proof that Rf is natural is similar. 
Let U be an open subset of Cm, glk be a Poisson tensor of type (1, 1)
on U , and {ξk, ξ¯l} be the fiber coordinates on the cotangent bundle T ∗U
dual to {zk, z¯l}. Given a differential operator D of order not greater
than r on U , let Symbr(D) ∈ C∞(U)[ξ, ξ¯] denote the principal symbol
of order r of the operator D (which is homogeneous in the variables
ξ, ξ¯ of degree r). If A = A0 + νA1 + . . . is a natural formal differential
operator on U , set
Symb(A) :=
∞∑
r=0
Symbr(Ar) ∈ C∞(U)[[ξ, ξ¯]].
Let ⋆ be a star product with separation of variables on the Poisson
manifold (U, glk). Given a function h ∈ C∞(U), the operator L⋆h of left
⋆-multiplication by h is natural. Set
Sh := Symb(L⋆h).
The mapping C∞(U) ∋ h 7→ Sh is the source mapping of the formal
symplectic groupoid of the star product ⋆ (see [13]). It was proved in
[13] that
(Sh)(z, z¯, ξ) =
{
exp
(
ξkg
lk ∂
∂z¯l
)}
h.
Let Y be a nondegenerate nilpotent potential on U × C0|d and ∗ be
the star product on U × C0|d associated with the pair (⋆, eY ). Given a
function f ∈ C∞(U × C0|d)[ν−1, ν]], the operator (13) can be written
uniquely as
(33) Lf = e
−Y L⋆
hKI
(
ν |K|θI
∂
∂θK
)
eY
for some hKI ∈ C∞(U)[ν−1, ν]]. If hKI ∈ C∞(U)[[ν]], then Lf is a natural
operator.
Proposition 4. Given f ∈ C∞(U × C0|d)[ν−1, ν]], the operator Lf is
natural if and only if f does not contain terms with negative powers
of ν.
Proof. If Lf is natural, then f = Lf1 does not contain terms with
negative powers of ν. If f ∈ C∞(U × C0|d)[[ν]], assume that
hKI = ν
nhKI,n + ν
n+1hKI,n+1 + . . .
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for some n ∈ Z and (hKI,n) is a nonzero matrix-valued function on U .
Then
(34) ν−nLf = A0 + νA1 + . . .
is a natural operator. Applying the operator ν−nLf to the unit constant
and setting ν = 0, we get from (33) that the component A0 in (34) is
the left multiplication operator by the function
F :=
{(
S hKI,n
)(
z, z¯,
∂Y−1
∂z
)}
θI
(
∂Y−1
∂θ
)
K
,
where for K = {α1, . . . , αp} we use the notation(
∂Y−1
∂θ
)
K
:=
∂Y−1
∂θαp
. . .
∂Y−1
∂θα1
.
The function F is well defined because Y−1 is nilpotent and even. We
will show that F is a nonzero function. Denote by Fp,q the component
of F of degree p in the variables θ and of degree q in the variables θ¯
and set
Fr =
∑
p+q=r
Fp,q.
Let N be the largest integer such that hKI,n = 0 for all I,K satisfying
|I|+ |K| < N . Then Fr = 0 for r < N and
FN =
∑
|I|+|K|=N
hKI,nθ
I(aθ + bθ¯)K ,
where for K = {α1, . . . , αp} we set
(aθ + bθ¯)K :=
(
aαpγpθ
γp + bαpβp θ¯
βp
)
. . .
(
aα1γ1θ
γ1 + bα1β1 θ¯
β1
)
.
Let q be the least integer such that hKI,n = 0 for all I,K such that
|I|+ |K| = N and |K| > q. Then
FN−q,q =
∑
|I|=N−q,|K|=q
hKI,nθ
I(bθ¯)K .
Since hKI,n is a nonzero function on U for at least one pair (I,K) with
|I| = N − q and |K| = q and the matrix (bkl) is nondegenerate, we see
that FN−q,q is nonzero, which implies that F is nonzero. Applying (34)
to the unit constant 1 and multiplying both sides by νn, we get that
f = νnF + νn+1A11 + ν
n+2A21 + . . .
Since F is nonzero, the assumption that f ∈ C∞(U ×C0|d)[[ν]] implies
that n ≥ 0. It follows from (34) that Lf is a natural operator. 
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Remark. The fact that F is nonzero can be derived from the implicit
function theorem in superanalysis (see [2]).
Corollary 3. Given a possibly degenerate star product with separation
of variables ⋆ on an open subset U ⊂ Cm and a nondegenerate nilpotent
potential Y on U × C0|d, the product ∗ associated with the pair (⋆, eY )
is a star product. Moreover, ∗ is a natural star product.
Proof. Given an arbitrary function f ∈ C∞(U × C0|d), the operator
Lf = A0 + νA1 + . . . is natural according to Proposition 4. Therefore,
A0 is a left multiplication operator and in (2) s = 0. Since Lf1 = f∗1 =
f , we see that A0 is the left multiplication operator by f and thus
C0(f, g) = fg. Hence, ∗ is a star product. Given f ∈ C∞(U × C0|d),
one can prove similarly that Rf is a natural operator. It follows that
the star product ∗ is natural. 
Remark. One can generalize the proof of Proposition 3 in order to
show that any star product with separation of variables on U ×C0|d is
natural.
For a star product with separation of variables ∗ of the anti-Wick
type on U × C0|d the operator C1 is of the form
C1(f, g) =
∂f
∂z¯l
Alk
∂g
∂zk
+
∂f
∂z¯l
Blα
−−→
∂
∂θα
g +(35)
f
←−−
∂
∂θ¯β
Cβk
∂g
∂zk
+ f
←−−
∂
∂θ¯β
Dβα
−−→
∂
∂θα
g,
where the matrix
(36)
(
Alk Blα
Cβk Dβα
)
is an even Poisson tensor of type (1,1) on U × C0|d (so that Alk, Dβα
are even and Blα, Cβk are odd). A star product with separation of
variables ∗ of the anti-Wick type on U × C0|d is called nondegenerate
if the matrix (36) is nondegenerate at every point of U (i.e., when the
matrices Alk and Dβα are nondegenerate). Formula (35) and the defi-
nition of nondegeneracy have obvious analogues for the star products
of the Wick type.
Let U ⊂ Cm be an open subset. Given an even formal function
X = ν−1X−1 +X0 + νX1 + . . .
on U × C0|d whose nilpotent component is a nondegenerate nilpotent
potential Y and such that the function
Φ := X − Y
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is a potential of a formal pseudo-Ka¨hler form
ω = ν−1ω−1 + ω0 + . . .
on U , we will call X a nondegenerate formal potential on U ×C0|d. To
each nondegenerate formal potential X on U × C0|d there corresponds
the star product ∗ on U × C0|d associated with the pair (⋆, eY ), where
Y is the nilpotent component of X and ⋆ is the star product with
separation of variables on U with the classifying form ω = i∂∂¯(X−Y ).
Remark. One can similarly construct a star product with separation
of variables of the Wick type starting from a nondegenerate formal
potential X (the notion of a nondegenerate potential will remain the
same).
We will give explicit formulas for some left and graded right ∗-multi-
plication operators analogous to (6) and (7). It follows from (6) and
(13) that
e−Y L⋆∂Φ
∂zk
eY = e−Y
(
∂Φ
∂zk
+
∂
∂zk
)
eY =
∂X
∂zk
+
∂
∂zk
and
e−Y
∂
∂θα
eY = e−X
∂
∂θα
eX =
∂X
∂θα
+
∂
∂θα
.
Therefore,
(37) L ∂X
∂zk
=
∂X
∂zk
+
∂
∂zk
and L ∂X
∂θα
=
∂X
∂θα
+
∂
∂θα
.
Similarly, it follows from (7) and (15) that
(38) R ∂X
∂z¯l
=
∂X
∂z¯l
+
∂
∂z¯l
and R ∂X
∂θ¯β
=
∂X
∂θ¯β
+
∂
∂θ¯β
.
Proposition 5. Suppose that ∗ is a star product with separation of
variables on U × C0|d such that there exists a formal function
X = ν−1X−1 +X0 + νX1 + . . .
on U ×C0|d for which formulas (37) (or formulas (38)) hold. Then X
is a nondegenerate formal potential and ∗ is nondegenerate.
Proof. Formulas (35) and (37) (or (38)) imply that the matrix (36) is
inverse to the matrix
(39)
(
∂2X−1
∂zk∂z¯l
∂X−1
∂zk
←−
∂
∂θ¯β−→
∂
∂θα
∂X−1
∂z¯l
−→
∂
∂θα
X−1
←−
∂
∂θ¯β
)
and therefore both matrices are nondegenerate, whence the proposition
follows. 
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Proposition 6. Let • be another star product with separation of vari-
ables on U×C0|d for which the operators of graded right •-multiplication
by ∂X/∂z¯l and ∂X/∂θ¯β are the same as for the product ∗,
R•∂X
∂z¯l
= R ∂X
∂z¯l
and Q•∂X
∂θ¯β
= R ∂X
∂θ¯β
.
Then the star products • and ∗ coincide.
Proof. Given f ∈ C∞(U × C0|d)[ν−1, ν]], let L•f be the left •-multipli-
cation operator by f . It supercommutes with the operators (38) and
with the operators of (left) multiplication by antiholomorphic functions
on U×C0|d. It follows from (38) that the operator eY L•fe−Y supercom-
mutes with the operators
∂Φ
∂z¯l
+
∂
∂z¯l
,
∂
∂θ¯β
,
and the multiplication operators by antiholomorphic functions. Hence,
it can be written as
eY L•fe
−Y = L⋆
hKI
θI
∂
∂θK
for some hKI ∈ C∞(U)[ν−1, ν]]. It implies that L•f is a left ∗-multiplication
operator. Since L•f1 = f • 1 = f , it follows that L•f = Lf . Therefore,
the star products • and ∗ coincide. 
Proposition 6 means that if X is a nondegenerate formal potential
on U × C0|d, there exists a unique star product with separation of
variables ∗ on U × C0|d satisfying (37) and (38).
Let X˜ be another nondegenerate formal potential on U × C0|d such
that X˜ = X+a+ b, where the functions a = a(z, θ) and b = b(z¯, θ¯) are
holomorphic and antiholomorphic, respectively. Lemma 2 implies that
the star product with separation of variables on U×C0|d corresponding
to the potential X˜ coincides with ∗.
Let E be a holomorphic vector bundle over a complex manifold M .
One can define differential forms on the split complex supermanifold ΠE
and extend the operators ∂, ∂¯, and d = ∂ + ∂¯ to ΠE (see [2],[19]). If
U ⊂ M is a coordinate chart for which there is a holomorphic trivial-
ization ΠE|U ∼= U × C0|d, a differential form on U × C0|d is a function
in the supercommuting variables z, z¯, θ, θ¯, dz, dz¯, dθ, dθ¯. The variables
z, z¯, dθ, dθ¯ are even and θ, θ¯, dz, dz¯ are odd. The variables dθ, dθ¯ are
not nilpotent and a differential form is supposed to be polynomial in
dθ, dθ¯. We assume that in local coordinates the operators
(40) ∂ = dzk
∂
∂zk
+ dθα
∂
∂θα
and ∂¯ = dz¯l
∂
∂z¯l
+ dθ¯β
∂
∂θ¯β
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on U × C0|d act from the left. If U is contractible, using the Euler
operators θα∂/∂θα and θ¯β∂/∂θ¯β , one can extend the ∂¯-Poincare´ lemma
to U × C0|d. In particular, if
Ω = Akldz
kdz¯l +Bkβdz
kdθ¯β + Cαldθ
αdz¯l +Bαβdθ
αdθ¯β
is a closed even (1,1)-form on U×C0|d with U contractible, there exists
an even potential F on U × C0|d such that
Ω = i∂∂¯F = i
(
∂2F
∂zk z¯l
dzkdz¯l − ∂
2F
∂zk∂θ¯β
dzkdθ¯β +
∂2F
∂θα∂z¯l
dθαdz¯l +
∂2F
∂θα∂θ¯β
dθαdθ¯β
)
.
The potential F is determined uniquely up to a summand a+ b, where
a is holomorphic and b is antiholomorphic.
The form Ω is nondegenerate if the matrix
(41)
(
Akl Bkβ
Cαl Dαβ
)
= i
(
∂2F
∂zk z¯l
− ∂2F
∂zk∂θ¯β
∂2F
∂θα∂z¯l
∂2F
∂θα∂θ¯β
)
is nondegenerate. Since the entries Akl andDαβ are even and the entries
Bkβ and Cαl are odd, the matrix (41) is nondegenerate if and only if
the matrices
(Akl) = i
(
∂2F
∂zk z¯l
)
and (Dαβ) = i
(
∂2F
∂θα∂θ¯β
)
are nondegenerate.
If Ω is a closed even global (1,1)-form on ΠE, then for every con-
tractible neighborhood U ⊂ M over which E is holomorphically trivi-
alizable there exists an even potential F on ΠE|U satisfying Ω = i∂∂¯F .
Combining the results obtained above, we get the following theorem.
Theorem 3. Let E be a holomorphic vector bundle of rank d over a
complex manifold M . Suppose that
(42) Ω = ν−1Ω−1 + Ω0 + νΩ1 + . . .
is a closed formal (1,1)-form globally defined on ΠE such that Ω−1 is
nondegenerate. Then there exists a unique nondegenerate star product
with separation of variables ∗ on ΠE such that for any local holomor-
phic trivialization ΠE|U ∼= U×C0|d over a contractible coordinate chart
U ⊂ M there exists a formal potential X of the form Ω on U × C0|d
for which formulas (37) and (38) hold.
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Remark. One can prove that in complete analogy with the results
of [11], the nondegenerate formal forms (42) on ΠE bijectively corre-
spond to the nondegenerate star products with separation of variables
on ΠE.
Corollary 4. Let (42) be a closed nondegenerate formal (1,1)-form
on ΠE and ∗ be the corresponding nondegenerate star product with
separation of variables on ΠE. Then there exists a globally defined
canonical supertrace functional σ, given by a global Berezin supertrace
density µ,
σ(f) =
∫
f µ,
where f is a formal function with compact support on ΠE.
Proof. The corollary follows from Lemma 3 and Theorem 1. 
In the next proposition we consider a star product ∗ with separation
of variables of the Wick type on U × C0|d. For a holomorphic function
a and an antiholomorphic function b on U × C0|d the operator of left
∗-multiplication by b and the operator of graded right ∗-multiplication
by a are left multiplication operators,
Lb = b and Ra = a.
Proposition 7. Let U be a contractible open subset of Cm and ∗ be a
star product with separation of variables of the Wick type on U ×C0|d.
Assume that
vk = ν
−1vk,−1 + vk,0 + νvk,1 + . . . , 1 ≤ k ≤ m,
are even and
wα = ν
−1wα,−1 + wα,0 + νwα,1 + . . . , 1 ≤ α ≤ d,
are odd formal functions on U ×C0|d, respectively, such that they pair-
wise ∗-supercommute and satisfy the following ∗-supercommutation re-
lations for any holomorphic a,
(43) [vk, a]∗ =
∂a
∂zk
and [wα, a]∗ =
∂a
∂θα
.
Then the star product ∗ is nondegenerate and there exists a nondegen-
erate potential X = ν−1X−1 +X0 + . . . on U × C0|d such that
(44) vk = −∂X
∂zk
and wα = −∂X
∂θα
.
For this potential,
(45) R ∂X
∂zk
=
∂X
∂zk
+
∂
∂zk
and R ∂X
∂θα
=
∂X
∂θα
+
∂
∂θα
.
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Proof. We get from relations (43) that
Lvka− Rvka =
∂a
∂zk
and Lwαa− Rwαa =
∂a
∂θα
.
SinceRf contains only holomorphic partial derivatives ∂/∂z
k and ∂/∂θα,
we have
(46) Rvk = vk −
∂
∂zk
and Rwα = wα −
∂
∂θα
.
Since the functions vk, 1 ≤ k ≤ m, and wα, 1 ≤ α ≤ d, pairwise
∗-supercommute, they satisfy the equations
∂vk
∂zp
=
∂vp
∂zk
,
∂vk
∂θα
=
∂wα
∂zk
, and
∂wα
∂θγ
= −∂wγ
∂θα
,
which are equivalent to the condition that the form
Λ = vkdz
k + wαdθ
α
on U × C0|d is ∂-closed. By the ∂¯-Poincare´ lemma on U × C0|d, there
is a formal function X = ν−1X−1 + X0 + . . . such that Λ = −∂X .
Thus, X satisfies (44). It follows from (46) that equations (45) hold.
By Proposition 5, both the potential X and the star product ∗ are
nondegenerate. 
5. Formal Berezin transform
Given a possibly degenerate star product with separation of variables
of the anti-Wick type ∗ on a split supermanifold ΠE, there exists a
unique formal differential operator I = 1+ νI1 + . . . on ΠE such that
I(ba) = b ∗ a
for any local holomorphic function a and antiholomorphic function b.
Clearly, Ia = a and Ib = b.
We introduce a star product ∗′ on ΠE by the formula
(47) f ∗′ g := I−1 (If ∗ Ig) .
Lemma 5. The star product ∗′ is of the Wick type.
Proof. If functions a, a˜ are local holomorphic and b is local antiholo-
morphic on ΠE, then for f = ba we have
f ∗′ a˜ = (ba) ∗′ a˜ = I−1(I(ba) ∗ Ia˜) =
I−1(b ∗ a ∗ a˜) = I−1(b ∗ (aa˜)) = baa˜ = fa˜.
Therefore, f ∗′ a = fa for any function f and any holomorphic a.
Similarly, b ∗′ g = bg for any function g and any antiholomorphic b.
Therefore, ∗′ is a star product with separation of variables of the Wick
type. 
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Proposition 8. Given a holomorphic vector bundle E over a complex
manifold M , let (42) be a closed nondegenerate formal (1,1)-form on
ΠE, ∗ be the corresponding nondegenerate star product with separation
of variables on ΠE, I be its formal Berezin transform, and µ be its
canonical Berezin supertrace density. Then for formal functions f, g
on ΠE the following identities hold,
(48)
∫
f ∗ g µ =
∫
f I−1g µ =
∫
(I−1f) g µ,
where f or g has compact support.
Proof. Suppose that there is a contractible coordinate chart U ⊂ M
such that E is holomorphically trivializable over U , f has compact
support in ΠE|U and g = I(ba) = b ∗ a, where a is holomorphic and b
is antiholomorphic on ΠE|U . Assume also that a, b, and f are homo-
geneous. Then∫
f ∗ g µ =
∫
f ∗ b ∗ a µ = (−1)|a|(|f |+|b|)
∫
a ∗ f ∗ b µ =
(−1)|a|(|f |+|b|)
∫
afb µ =
∫
fba µ =
∫
f I−1g µ.
Since I is a formal differential operator and ∗ is a differential product,
we obtain the first equality in (48) for f with compact support in
ΠE|U and any g. Using a partition of unity on M we can prove the
first equality in (48) for any f with compact support and any g. If g
has compact support, we can assume that f also has compact support,
which proves the first equality. The second equality follows from the
first one and the fact that µ is a supertrace density for ∗:∫
f ∗ g µ = (−1)|f ||g|
∫
g ∗ f µ = (−1)|f ||g|
∫
g I−1f µ =
∫
(I−1f) g µ.

Let U ⊂ Cm be a contractible open subset and ∗ be a nondegener-
ate star product with separation of variables of the anti-Wick type on
U×C0|d such that there exists a nondegenerate formal potential X sat-
isfying (37). It follows from (37) that the elements ∂X/∂zk , 1 ≤ k ≤ m,
and ∂X/∂θα, 1 ≤ α ≤ d, pairwise ∗-supercommute and that for a holo-
morphic function a on U × C0|d,
(49)
[
∂X
∂zk
, a
]
∗
=
∂a
∂zk
and
[
∂X
∂θα
, a
]
∗
=
∂a
∂θα
.
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Denote by I the formal Berezin transform for the product ∗ and by ∗′
the corresponding star product of the Wick type given by (47). Ap-
plying I to the ∗-supercommutation relations (49) we obtain that the
elements
I−1
(
∂X
∂zk
)
, 1 ≤ k ≤ m, and I−1
(
∂X
∂θα
)
, 1 ≤ α ≤ d,
pairwise ∗′-supercommute and satisfy the relations[
I−1
(
∂X
∂zk
)
, a
]
∗′
=
∂a
∂zk
and
[
I−1
(
∂X
∂θα
)
, a
]
∗′
=
∂a
∂θα
.
According to Proposition 7, there exists a nondegenerate formal poten-
tial X ′ on U × C0|d satisfying
(50)
∂X ′
∂zk
= −I−1
(
∂X
∂zk
)
and
∂X ′
∂θα
= −I−1
(
∂X
∂θα
)
for which
R′∂X′
∂zk
=
∂X ′
∂zk
+
∂
∂zk
and R′∂X′
∂θα
=
∂X ′
∂θα
+
∂
∂θα
,
where R′f is the graded right ∗′-multiplication operator by f . It means
that the star product of the Wick type ∗′ can be constructed from
the potential X ′ as in Section 4 (with appropriate changes) and is
nondegenerate. In particular,
L′∂X′
∂z¯l
=
∂X ′
∂z¯l
+
∂
∂z¯l
and L′∂X′
∂θ¯β
=
∂X ′
∂θ¯β
+
∂
∂θ¯β
,
where L′f is the left ∗′-multiplication operator by f .
Theorem 4. Let U ⊂ Cm be a contractible open subset and ∗ be a
nondegenerate star product with separation of variables of the anti-
Wick type on U ×C0|d determined by a nondegenerate formal potential
X = ν−1X−1+X0+ . . .. Then the following statements hold. (a) There
exists a nondegenerate formal potential X ′ = ν−1X ′−1+X
′
0+ . . . which
determines the star product with separation of variables of the Wick
type (47) and satisfies the equations
∂X ′
∂zk
= −I−1
(
∂X
∂zk
)
,
∂X ′
∂θα
= −I−1
(
∂X
∂θα
)
,(51)
∂X ′
∂z¯l
= −I−1
(
∂X
∂z¯l
)
, and
∂X ′
∂θ¯β
= −I−1
(
∂X
∂θ¯β
)
.
(b) The Berezin density
(52) eX+X
′
dzdz¯dθdθ¯
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is a supertrace density for the product ∗ on U × C0|d.
Proof. Let µ = ρ dzdz¯dθdθ¯ be the canonical Berezin supertrace density
of ∗ on U × C0|d, where ρ is a formal function on U × C0|d. It follows
from Corollary 2 that there exists an even formal function S on U×C0|d
such that
ρ = νd−meS.
Set X˜ := S − X . Then X˜ = νrX˜r + νr+1X˜r+1 + . . . for some r ∈ Z.
We have from Proposition 8 and the first formula in (37) that∫ (
I−1
(
∂X
∂zp
)
+
∂X˜
∂zp
)
f µ =
∫ (
∂X
∂zp
∗ f + ∂X˜
∂zp
f
)
µ =
∫ (
∂f
∂zp
+
∂X
∂zp
f +
∂X˜
∂zp
f
)
µ = νd−m
∫
∂
∂zp
(
eSf
)
dzdz¯dθdθ¯ = 0.
Since f is arbitrary, it follows that
(53)
∂X˜
∂zk
= −I−1
(
∂X
∂zk
)
.
Similarly, we can derive from Proposition 8, the second formula in (37),
and formulas (38) that
∂X˜
∂θα
= −I−1
(
∂X
∂θα
)
,
∂X˜
∂z¯l
= −I−1
(
∂X
∂z¯l
)
,(54)
and
∂X˜
∂θ¯β
= −I−1
(
∂X
∂θ¯β
)
.
Equations (53) and (54) determine the function X˜ up to a formal con-
stant summand. Moreover, X˜k is a constant for k < −1. According
to (50),
X ′ := ν−1X˜−1 + X˜0 + . . .
is a nondegenerate formal potential which determines the star prod-
uct (47). Clearly, X ′ satisfies the conditions of the theorem and (52)
is a Berezin supertrace density for the product ∗. 
We want to describe an important class of star products with sep-
aration of variables on split supermanifolds. Let E be a holomorphic
Hermitian vector bundle of rank d over a pseudo-Ka¨hler manifold M
and ⋆ be a star product with separation of variables onM . The Hermit-
ian metric on E determines a global function h on ΠE by the following
condition. Let U ⊂ M be a coordinate chart such that there exists
a holomorphic trivialization E|U ∼= U × Cd and hαβ be the Hermitian
fiber metric over U . Then h = hαβθ
αθ¯β on ΠE|U ∼= U × C0|d. Notice
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that Y = ν−1hαβθ
αθ¯β is a nondegenerate nilpotent potential. Denote
by ∗ the star product with separation of variables on ΠE associated
with the pair (⋆, exp{ν−1h}). Writing in local coordinates
exp
{
ν−1h
}
= uIJθ
I θ¯J ,
we see that the matrix (uIJ) is block diagonal with the diagonal blocks
formed by the entries uIJ with |I| = |J | = k for each k satisfying
0 ≤ k ≤ d, because uIJ = 0 for |I| 6= |J |. We have
u[d][d] =
1
νd
(−1) d(d−1)2 det(hαβ).
The block v[d][d] of the inverse matrix (vJI) of (uIJ) over the algebra
(C∞(U)[ν−1, ν]], ⋆) satisfies
u[d][d] ⋆ v
[d][d] = v[d][d] ⋆ u[d][d] = 1.
This observation and formula (25) allow to canonically normalize the
supertrace density (52) of the product ∗ in important applications.
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